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Announcements!
● Join Piazza. Read the Welcome Post

● Lecture is posted under “Media Gallery” in bCourses

● Evelyn’s 6-7 pm discussion is now hybrid

● Signup and attend discussion

● HW 1 and Vitamin 1  have been released, due Thu (grace period Friday)
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Shard be up crowd 4pm
Lived on website

-



What is a proof?
A proof is a finite list of statements, each of which is logically implied by the 
previous statement, to establish the truth of some proposition. 

The power here is that using finite statements, we can guarantee the truth of a 
statement with infinitely many cases. 

Advice: When writing proofs, imagine a very skeptical friend is reading over 
your proof who questions every statement you make. 

Since you’re learning, try to be more formal in your proof writing
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P⇒R ⇒s⇒7
. . . . ⇒Q

Do it during lecture

↓



How to prove things?

You can also replace the proposition to be proved with something logically equivalent that has a different structure. 
Example: 
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Structure How to generally prove it

=

PAQ Prove P and Prove Q

(p ⇒ Q ] Assure P is true, then show the Q follow
cats tree]

PiffQ Prong p⇒Q aoe Pray Or ⇒ p
p ⇔ a

refs) Pfa)
Provide some RES ace prone per)

#sets ) Poe) let u be arbitrary ins and poe pay

P⇒Q
,
>PUQ >②⇒ >P

Contrapositive



Direct Proof (Example 1)
Theorem: For every natural number there is a natural number greater than it

Proof: 
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Let me be an arbitrary natural number. Goal : P⇒Q
Observe that net is also a natoal www. Method : Assure P

:siree
,
Ntl >u we Uae found a natural :

step

number greater than n
. Since

, n
was Condole Q

arbitrary the statement holds Hn c- IN
.

Things we assured

1) n -11 is natural

2) n-11 > a



Direct Proof (Example 2)
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Lesson: 

Alb if no remainder
p⇒ on

①divides a
Scrtach work

•

alb alc

Let a,b, c EZ be arbitrary ad assure

b=aq ,
C- aqzalb ad a) C

.
So
, by definition

b=aq
,
and C = aqz for some q , ,qz C- 21

.

b- c = aq , - aqz
They b- C = aq ,

-

aqz = acq , -qz ]
.
Since

= • (91-92)
9
,
- qz C- Z it follows by definition that TE
alk - c) ↓

Extract}£-

i. ↓

Use your definitions f
a / Cb - c)



Proof by Contraposition
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Lets try directly
v2 = 2k n= Ek ?≥

Contrapositive

_p -

ish Goal :p⇒ a
Q Method : prove >Q ⇒>PLet u be an integer . We will proceed by Cortaposae :

contraposition ad show that if n is odd, if n is odd / ten WZ is odd

then m2 is odd
. By definition, h = 2kt IRKED U=2Ktlthen m2 = UKZ -14kt I = 2 CZUZ -12k) -11 -

since, 2h2 -12h C- 21 by defirutm nz is odd
.

U2 = 4kt -14k -11
☐

NZ = 2 (242-124)+1Useful Hae Plus ⇒ Hy Pcyj TEE
>☒ Ply) ) ⇒ >*septa) )
7g > Ply ) ⇒ In >pay



Proof by Cases (Example 1)
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Scratch work

m3-n = 3g
Goal : P

nluz- 1) = 3g
Method : RN.r.VRni-vencn-DC.net) = 3g

Let u c- IN show R
, ⇒D

i.
CASE u = 3h WE IN Sho Rn ⇒ P

23 _ 2 = 8-2--6
A. 3-a = (n ) (n -1) (nil ) 33 _ 3 = 27-3=4

= 3hL 3h -1) 13h41 )
2 (2- 1)(2-11) = 6 = 3.(2)

'

II tires 31h3-4 Soe

3 (3-1) (31-1) = 24 =3(8)Case 2 : n = 3h - , *

- 414--1) (4-11) = - -

i- n = ③n - 1) ( 3k- i - 1) (31-1+-1) 515-1 ) (5+1)
- of↳ 31h3- n f( 6- 1) Coed ÷

Case 3 : n = 3kt / -713£ (2-11)

n3 (341-1) (34+-1-1) (34+1+1)
~ ↳ 31h3- n



Proof by Cases (Example 2)
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re iff a- Pq

-
. _

Case 1 : 5252 is rational
. Then, we are done

, k=y=R
Case 2: 5252 is irrational

. Let u= Vik and g-
-Fe

a- -
set = Erik)ʳ= jzrz.fr

= 522 = 2

Since 2 is ration fer x-nfikady-f.ve/ue found an examplethat satisfies he claim
.

Assured Fe is irrational



Proof by Contradiction
A proof by contradiction proves a proposition “P” by first assuming  “not P” is 
true. That is, the opposite of P is true. 

 Then, it follows logical steps to arrive at a contradiction by proving both some 
proposition “R” and “not R”. 

Why does this work?
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> P ⇒ RA > R =p
>P⇒F =p
↓

Goal : P 1- ⇒ p

Mean : Assume >P É[¥|¥f TIP / c-
⇒ p^

:

R is true T ?⃝ I
; ↑

>R is true
] Atwal ↑ this from

tree what proofmust

go
here.



Proof by Contradiction (Example 1)
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¥
Iq = I

[
> Rq

share no commas

factors
Assume for contradiction Jot V2 is rational . Tbh , by definition

jz = far sone P,qEZ
.
2 = qP_{ ⇒ p2= 292 . So

, by def .
P2 is eaten

.
From an earlier then

,
if P2 is ever /then p is ever . So

,

p = 2k far some KEZ (2h5 = 4kt = 292 ⇒ 92=242 . q2 is the every
so q is ever . This is a contradiction since pad q share

q=2j JEZ
a common factor of 2 .

Thus
,
52 must be irrational

.



Proof by Contradiction (Example 2)
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NOT COVERED
DURING LECTURE

Every non - prime umber has a

prime divisor (ash students

Assume far contradiction there are finite prime numbers
.

That is

P
, ,

Pz
,

. .
.

, Pn are all the prime numbers
. Let q= p,

• pz . .
. .

. pn
Consider q -11 . Clearly 9+1 > Pn

,
Where pn is the largest primewww.soq-iis not prime , thus it has a prime divisor . That is,

the exists some prime Kl 9+1
.

Since K is Prine , K E { P, , .. . ,Pn }
and re / q . By previous Lemma 1

, it klq and selqtl
,
then sellout -g) .

That is
, sell but only 111 and K≠ 1

.
This is a contradiction,

so there must be infinitely many prime numbers
.



                   Proof
Theorem:

Proof:
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Incorrect

I = 2

For se=y we have
-

→
divide by

zero
NZ -

Ky = x2 - y 2
Since 2e=o

xox =#Cxtyj
K = sexy
se = Zoe

I = 2



Summary
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Proof Technique General Procedure

Direct Proof

Proof by 
contraposition

Proof by 
contradiction

Proof by cases

NOT COVERED DURING LECTURE

Goal : P ⇒ Q Method : Assure P
i. steps

conclude Q

Goal : P ⇒ Q Method :

prove >② ⇒ >P

Goal : P Method : Assure >P

pro've R
;

prove >A

Goal : P Method i. show R
,
Y

. . .
× Rn is true

show R ,⇒ p
:

show Rn ⇒ p



Few notes about what we did today
Write full proofs in your homework like we did today, but on discussion you can just write an 
outline/sketch of the proof.

No one gets the complete proof immediately, there’s a lot of scratch work and thinking before you 
can write the proof.

Remember! Every step in your proof must be justified and follow from previous steps.

Usually how things go:

1. Think about problem
2. Do some scratch work
3. Come up with solution
4. Try to write a proof
5. Realize solution is wrong
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FAQ
How do I get started? 

Think about the definitions that may be relevant. Maybe a theorem or lemma 
that was in the notes. 

I’m stuck? 

Try doing a bit of scratch work to see if you missed some pattern. Read over 
what you currently have in the proof. Try proving an easier statement or an 
intermediary statement. 

Is my proof correct?

Question every statement. Does it follow from a definition or previous 
statement? 
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