Lecture 2C:
Modular Arithmetic I

UC Berkeley EECS 70
Summer 2022
Tarang Srivastava
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Announcements!

e Read the Weekly Post
e We have caught people for Academic Misconduct on HW1
e HW 2 and Vitamin 2 have been released, due Thu (grace period Fri)

e No lecture, OH, or Discussions on July 4th
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Hopetully Review (Divides)

Def: We say b|a if there exists some integer k such that a = bk

b,a ¢ Z%

Bramea : 17, 51
% Tk ez 17lst 7
=3
bl 0 &l= 173
o= b-0O j Z &
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Hopetully Review (GCD)

Def: The greatest common divisor (GCD) of integers a and b is the greatest integer d such that d|a
and d|b

M= Wy [a/b)

Examples: y OCW)
geddh = 2 2z >4 For & Mrogefimy
ged(12, 16) = Y Wliz  ulle il 7

¢l b 7
gedsl@= 17 7 She 17 B gyt ged i e (7 or |

ged15,16)= | |7 Shwe e MBS, IS au l¢ ae coprine

ged(Pe)= | > Sire 7 i3 poive , ged will be 7 or |
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Hopetully Review (Division Algorithm)

Thm: For any two integers a, b. There are unigue integers q, r Wlt p such thata=qb +r
Uh Qe SHvHF a—:—b;z
7"""' \ fewarlig n

|7 =5 = 3 w2
P | e B fms e
A L 9. e JUska Q&a{d‘»—s
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Hopetully Review (Fundamental Theorem of Arithmetic)

(Peive. frctorzatin)
Thm: Every integer >2 can be uniguely expressed as a product of primes.

Wa rmu. 22 b \IB.‘«B IWucHon sk uwel ard o™ g, principlo Lectwe ¢

AN ‘4
AN
e X & &
7N\
@ @ 6= 3.22
52= 2.2:13
j,} uss set of-

Peives 1S 00;7'2
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Mod as an Operation

PY%D»‘)
You can think of mod as just an operation (i.e. what you're used to in 61A)
X (mod y) h,/’“
Example:

13 wed S =z 3
17 wey =2

I

(1
~

\?7  wmed )
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Euclid’s (GCD) Algorithm
%‘r;‘:" IZet x 2y = 0. Then, gcd(x, y) = gcd(y, x (mod v))

~—

Consider example x =10, y = 32
Jeet (o, 320 jch.C'52—) 16 (#ed 32))

= gea (3,105
geol 1o, 32 mad10) = et o) 2)
= 9cé\(z/ lo wmod 2) = 3&,\(1/ 0) = 2

1Y)

I

=
gcJ-CA, O)

Oéloa w) ~
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Mod as an Operation (cont.) Makn LGz

Ly
You can think of mod as just an operation (i.e. what you're used to in 61A)
x (mod vy)
Example: Weed w1
17 wmeg =2 2= | e%aiJa“”‘"
\7 wmed @& = 7
{O/ \, - mM—(3
=7 wod 6 = =723 ( £ |3
o,...,; ¢ ba“"o y )
Lo A\ D 4o 2 - S
- -y 7@ < .
- - (3
hod1d 7 = 10415 « 3

| 3 = 3 |
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Mod as a Clock (W 12 (resne)
W\\)M Cb.J)

You can think of adding in mod as just going around a clock.

We will say all the numbers at the same step of the clock are part of

th‘e same equivalence class. (ex: ..., -11, 1, 13, 25, 37, ...)
+ O =

| + 12 =13
|t lz+<2 = 24

253 ... (w:oalz_)

=-U =223 ~338 ( we L2

G
W™
1
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Moty (O

a0okcn”
Mod as Space ot (3
Bubiect,,
You can consider doing ALL your arithmetic in a given mod space. = We Wr‘l“”“f\/
oN iSlo ) Nl
< S\ide_
{,‘gts come up with some rules: Twu: f sz e (medw) bz e w)
b/.%*j&/z\\ = ( (m= S At = c+d (w.am)

343 2 6 =\ Ab T L\Ma)l»y>
3*(‘1)3 |

%po
./3_’2 =

3+ L2z
2«3 = | Uned's )

N/zvft«ﬂ( (oS )
22.3."1 (ned s)

CAKT
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jost o S\yueosl

52 = 5L 75 M B
7 Inverses (Modular Division) =

1
We can redefine division in regular math, to just being multiplying by inverse. 2=
The inverse of a is such a number such that aa™ =

In (mod m) the inverse of a only exists if a and m are coprime (i.e. gcd(a, m) = 1).

A
-\ ) S é)fbd.k
LY = Z (‘Moa 177 3S = 17-2 —(.@ S' 2
S-S5 = | (me> 17) ®
— S 32
S.7 = 35 = | (Mo (7 ) z
EfMPLQ' sb‘\h& e Eq.}a.k-'orj A\ﬁebm‘
Soe +3 27 (med 17) o %2
Sy 33-F z 7-3 > =
s T = 45 med 17) 5 sG)+3= s5¢ 27 &ad 17)
B e
w z b1z 2y (b () - e
Sometimes we say relatively prime same thing as coprime. w2 & ot
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Let’s Bridge Algebraic Form with Modular Form

_ NsvamI™
a = b (mod m) iff there exists some integer q such thata=mq +b & A= Mgty Cred =)
| Wﬁ.\’;’.w)é (__,r:,.—,
GCD Algorithm): Let x 2y 2 0. Then, gcd(x, y) = gcd(y, x (mod y)) A Z byt p

Pcoo?. $°|°F03€_ A VS an 4rb(4-rw>/ INison of ladthy
)LDvo\_j.CdJJL ot alyg),

By He dVISien oottty we con welbe  AE Tyen
Notkee, 2 3 0 (nedyd | Swe, dly W hoe  Algy,
Tlen fron lecte 1B, We Mow A\ »— Y . X9y S0
ga/ OL(\(\ . .TVJS/ 'x')'j ok 5‘-(‘”‘&:1} Shacva "HQ Scre. &EU“SU‘S
Shea  wod  arliteay Nty -/@7 e te Guaq gep

oz b Lméu«)

Y

Aso Ghwo et ONws off 4 ek /o s of x%xD

D%
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Extended Euclid’s Algorithm: How to find inverses

ﬂc&(’ﬂ,j) al| JeeOL g = Ay +C
Find the inverse of x in (mod y) by finding a, b such that 1= ax + by 4 ’*"‘*7'-“’7
Example 2: x =7,y = 32 7' ped 32) $D(O*‘8 fr 2, Jho
Ak, woted Lo in & seles:  Gua fud AL Yoo e uvs?
2(y + 32(0) = ®© = Goetly (o) )
ws( 7(2) + 32C1) =32 S I 2 O ye LB
Ny '3\/- | NS o
2(s) + 32(e) = BSQ.. [= ove tbhy D)
7(5) + 32¢) =3

v Ug

7(ss) + 32(-\1y= QZ 7 (med 22) 33 (e 1)
j’ l}‘ /] ﬁ\ ‘L S5 23 &,,93 3?_> U“{ dﬁp) 7>
M\ j b

) —12 G 7)
UC Berkeley EECS 70 - Tarang Srivastava J‘A’ Q% ® 7_' = 23 7-23%2 ¢ =l 6“)3 Z) (22 7

o
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34349 Qﬂ-’x)

&

G = by
7(s5) + 32(-1) = 32 ®
!



Repeated Squaring

2! o (Moo “)
How to find x¥ (mod m) for large exponents.
Example: 4% (mod 7)

, (o) 7
4 = g

(1{7—)\3 47 =
(Y 3? =
()" =
[1)%%= 2
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