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Announcements!

e Read the Weekly Post
e HW 2 and Vitamin 2 have been released, due Today (grace period Fri)

e No lecture, OH, or Discussions on July 4th
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Repeated Squaring

How to find x¥ (mod m) for large exponents.
Example: 4% (mod 7)

blo o Cmoa7)
- Yy
Li' _ L( L‘ Zg Li32_ &1?‘ L['Z = 32“’?-@1
T 2222 8= @,,,_.,97_)

UC Berkeley EECS 70 - Tarang Srivastava Lecture 2D - Slide 3



Reca votrt- B
p ?L ¢¢aw \

e Division Algorithm &, v o= b@ +

e Greatest Common Divisor (GCD) Definition

e GCD Algorithm: Application and Proof 554:!(97 = ged L 3 nad | N
e Every number has a unique prime factorization g., g2= 13.2.9

e Mod as a Space: Defined Addition, Subtraction, Multiplication and Division
o Definition of Coprime = gectlyyg) = |

e Definition of Inverse and division via multiplying inverse

e Extended Euclid’s Algorithm to find inverse &lxxbj =\

e Repeated Squaring
Ayetly = jchC'XJ )
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Bijections Ze.

A bijection is a function for which every b € B has a unique pre-image a € A such that f(a) = b. Note that

this consists of two conditions: &Mﬂ,fw\\-te . 7"‘ %
WS urfectne oot al )

1. fis onto: every b € B has a pre-image a € A. Y78 ,_; Lo
N injectve '\(’
2. fis one-to-one: for all a,a’ € A, if f(a) = f(a') thena=d'.
NoT A
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Bijections Examples

this consists of two conditions:

1. fis onto: every b € B has a pre-image a € A.

2. fis one-to-one: for all a,a’ € A, if f(a) = f(d’) thena=d'.
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(one-to-one and onto)

é) IS o Muse o€ ‘f’

Jlel) = Ma

A bijection is a function for which every b € B has a unique pre-image a € A such that f(a) = b. Note that
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A Useful L foo> = ax vy Asdwm o e
min

Usetul Le a £ 5o, w3 Sop ., Wy

Claim: f(x) = ax (mod m) where a and m are coprime is a bijection.

Restated: The sequence 1a, 2a, 3a, ..., (m-1)a is a reordering of the numbers {l, 2, ..., m-1}.
Proof:

() —> °©
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dx & e

Thm: if a and m are coprime, then a has an inverse in mod m M| D
Proof:

Comtda™ 4= Sequuced {rouq Lefe e, 20, ... G-l Yy
wa ﬁ/‘ow $uis 5%“ §_’> A b/'7'ec.+|b/\ +D Zl, 2_1 cee (/n\(ﬁ

Existence of an Inverse

qoo  Wie myee ek vgs o)
Tws,  qaz( G(odw) y o e wse o A (e n).
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A Necessary Lemma |

Jo exshre of Lu jmer
Lemma: éﬁnd m being coprime is a necessary condition for fx)=ax(modm)tobea
bijeettor—
Proof: 1€ geala,my >\t o daas N e e [mod o)

Pove oMethy . Lot A= gea loywdy ok o bus an s (Wodm)

ay = | e ) = rq = vl + | ez . Shea, dle ak oA
;v/{\m we  algy lnoe  Alay  adk dlwmik 5 4] Oy~ k. Lee. B
oy—mi = TUS A \l r So, A wost be epal fo 1. T

A ONA WM N c_opm‘wc.

UC Berkeley EECS 70 - Tarang Srivastava Lecture 2D - Slide 8



Inverse is Unique (From Discussion 2C Q3E)

Suppose x,x’ € Z are both inverses of a modulo m. Is it possible that x #Z x' (mod m)?
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What makes prime numbers so special?
52, — 2-2.3
1. Building blocks of all numbers « all numbers have a prime factorization

2. Given a prime p any number that’s not a multiple of p is coprime to p
i.e. ged(x, p) = 1for all x that is not a multiple of p.

Thus, the inverse always exists in modulo p
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Fermat’s Little Theorem Examples

Thm: For any prime p and any a in {1, 2, ..., p-1}, we have a?1=1 (mod p).

Examples: 4% (mod 7), 4*? (mod 7) (o2 7)
7
7 s prim 4"> = (y*) by FLT
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Fermat’s Little Theorem Proof

Thm: For any prime p and any a in {1, 2, ..., p-1}, we have a?1=1 (mod p).

Proof:
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Chinese Remainder Theorem (CRT) Example

Find a x in mod 30 such that it satisfies the following equations
x =1(mod 2), x =2 (mod 3), x =3 (mod 5)

ideal w= o~ + b
0= [ mod 2 ~
&z O Lv«obsb/
oz 0 w5y
beess - A - 3.5 =5

v
w= [St20 TP 53
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Chinese Remainder Theorem

Chinese Remainder Theorem: Let n;,n,,...,n; be positive integers that are coprime to each other. Then,
for any sequence of integers a; there is a unique integer x between 0 and N = ]'[f:l n; that satisfies the
congruences: /}

(x =a; (modn)

P«‘odagi‘

{x =a; (mod n;)

x =ar (mod ng)
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gcd(x, y) = ax + by
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