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Elements of probability theory



Sample space

Definition. For a “random experiment”, the sample space ) 1s
the set of possible outcomes of the random experiment.
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Events

Definition. An event of a random variable with sample space ()
1S a subset E C ().

20e: ol Q=365 % fi2.,63
wé@bl

== fon, (3, (0,5 (31, (4,23,.,,§






































































































































































































































































































































































Distribution  (eection) u
//5(,‘)’ = C\/B"J'f

Definition. A distribution m: P(Q) - R over a sample space ()
1$ a function of subsets of Q) that satisfies the following properties:

V_—N_ _
1. “Normalization™ w(@) = 0,7 (Q) = 1. = “7
2. “Monotonicity”> A € B = w(4) < n(B).

(D “Additivity”> AnB = @ = (A U B) = n(A) + m(B).
2 die

0% Az bl dle ewn’ ; A- ZC112>/ (Q/H>/(216>/"‘g
O T die em' ; B 103),6,5), 64,
A <3
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Roof QM} Segy A7k €S

[ Ue xJJ)L‘M/ % o solom‘lfw ..g(:,w'p\
2. Use  odd + s 0 dow  [PlaBd fndg

5, Use W)@V@ a\cu O A T S 5@} (Z%">
































































































































































































































































































































































































































































































































































































































































































A U<A<u--'uAn>> = W;(/"T,S*' W(A.zu... UA»

Measure-theoretic definition - ﬁv@.‘\

Tl

1 PROBABILITY SPACES AND RANDOM VARIABLES

its elements are called outcomes. The o-algebra H may be called the grand

Let (92, H,P) be a probability space. The set Q2 is called the sample space; Z

history; its elements are called events. We repeat the properties of the prob-
ability measure P; all sets here are events:

1.1 Norming: P(0) =0, P(Q)) = 1. Z

£

Monotonicity: HCK = P(H)<PK). 5(3
Finite additivity: HNK=0 = PHUK)=PH)+PK). :i « .

Countable additivity: (H,) disjointed = P(, H,) =, P(H,).

Sequential continuity: H, /" H = P(H,) /'P(H), )(N‘\ 7 L OB
H,\H = P(H,) \P(H). WA ( 2 >

Boole’s inequality: PU, H,) < Y. P(H,).

Erhan Cinlar, Probability and Stochastics (you will not be tested on this)

































































































































































































































































































































Distribution (notes)

W

T codoman

Definition. A distribution P: P(Q) —» R over a sample space Q is

a function of subsets of Q, first defined over the singletons
{a},a € Q such that:

LB = Baes P, - T W) -FR) P + PEY

s 0 < P(a) < 1fomllaéﬂ O
3 PQ) =3,0P(a) = 1.






























































































































































































































Equivalence of definitions P digPes (/ec,‘w&>

(ledore) =5 (rotes > |
. Since Q ‘s -‘-\{nﬁel my &/e/r]' [= = Lg' (ﬂ;%/ q” d’qjo\njf,
s F(E) = 2 a) (s o Bk olo
A, For Al E f cEc Q. , By maw)ruiciL% i 5&

FE)SFE)< PAL). & wndably  O<P(E) < |
6, (\)af ""QUZGHM‘









































































































































































































































































































































































































































































































































































































































































































































































































Equivalence of definitions
(”’"l’efﬁ) == ae—c"‘ Y 0/5 ﬂSyumé P Lw-é QY)LBS) (!b/er hu,

), NQ{W\DMZQ;JM D\SGWM';(J/N NV
. Acl A- UMS/ 5= O Oy
& | 1= |

N
(D= = P, Swee D30, Z @) >0,

= NieM EY

Soos, Py = S
=2 Pl s = fa) = P(e)

[

1= |
5 A= x{ @-= 6 FE3Y TP disiiad, Al xS cidbed
\) I=NY A M
md  PlAD)= Z"M P = Z P+ }m R = PR+ 78)



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Random variables (0, (/Q/ |P)>

Definition. A random variable is a double X =<@uhere §)
18 the sample space of X, and m s the distribution of X.

Nowis]  ailn: Qo fUTT P (h= 0.5, PCT>=05
\/\/L?-Bl’lktj oln - () - 5,,/’%;/ [P@B: bS5 Pé_);agg
X ot wsms © LL T T TS lp@%”))=0~25
























































































































































































































































































































































































































































































































Untom d’%’l'buylw
Oe‘f' For gp,mrl@ ce _(7— 4'&*(’ UO?PO’M Alfl’rﬂouﬂm

: He Z/ve, cuzjr buten P sud)  Yhat (f@) ’O (b)
B abe O

= fey=1 = ir“‘\

neLo ae

FAY) ~ LQ)) = k-_’A\'—W

[QL|




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Example: balls and bins
’Alv 0020 (C] romﬂn'\b cjflo’uo% o &w\ -1

— °126 _\ 29 —
= P(A)- B - \(%> ~ o,:zg\
ﬂfF‘M Q/»’ L = {(641\1‘3 -} Ltﬂps re?$j/ Q/as, ”,ﬁm\(.o)o%)}@[_,.éﬂ
oﬂ > gt’lobalz \»n lO|In ,7):' Zf'z,@j LM‘S no 5% \\-@ [gﬁ: ogP \,M, ]
Copmlul do Lls ko A= (3) s pgy-
l CO/]C/L‘-’S‘O/\ ] CL@O;’,",\ %vww‘O[C, Space B

IMJ Inluces ck.FPuc«\L\/ o\%\ﬂ\\ou\%/\é, Hew
Iaﬁﬁ b odfam  stib i /\(fw.,o‘,, | & opred

)

NN\





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































l[ toal
Examp\e “birthday paradox” /:ppﬂ j>%)(ﬂ3@
" ,“___/c
I YU

, . (1123, )
@j,jg WU u u I/\J @Z,H ~'

) ol Y e LD (o~ 3 \% 6
ﬂy(ﬂ? o Lw\g Jhe same b’fmlf?,}? Co-
(D = C265 3 x C3653* - <3657 (eJ (2 Ségé,;ﬂ

7 = chﬂ‘qlasg ’ | )

Q1= 265", IAl= = 365364 (36 - o- ) st
Al [S6x (345-¢
5 n) — PA="2 lta‘l ‘[ = :%Cié“g e



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Example: Monty HEH problem ¥, ,/;,q = )

2 ] T3

— No st
e Chws doar T Ry <k
2, Hesk  ceveds nm*okafm éﬂﬂl choer S“’“"!L'/
3.ttt ads 1By el o)’ Ry =73
(™, b/ <:5







































































































































































































































































































































































































































































































































