
Conditional probability cont., 
Independence

Modeling (lack of) causality

Michael Psenka



What we aim to model



































































































































































































































































































































































































































































































































































































































































































Independence

Definition. Given a random variable 𝑋 = (Ω,ℙ), two events 
𝐴, 𝐵 ⊂ Ω are said to be independent if the following equation 
holds:

ℙ 𝐴 ∩ 𝐵 = ℙ 𝐴 ℙ 𝐵 .


















































































































































































































































































































Equivalent definition
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Independence in joint distributions






















































































































































































































































































































































Mutual independence

Definition. Given a random variable 𝑋 = (Ω,ℙ), a collection of 
events 𝐴1, … , 𝐴𝑛 ⊂ Ω are said to be mutually independent if the 
following equation holds for every subset 𝐼 ⊂ {1, … , 𝑛} such that 
𝐼 ≥ 2:

ℙ ∩𝑖∈𝐼 𝐴𝑖 = Π𝑖∈𝐼ℙ(𝐴𝑖).







































































































































































































































































































































































































































































































































Why mutual independence?














































































































































































































































































































































































































































































































































































General product rule

Theorem. Given a random variable 𝑋 = (Ω,ℙ), and a collection of 
events 𝐴1, … , 𝐴𝑛 ⊂ Ω, the following equation holds:

ℙ 𝐴1 ∩ 𝐴2 ∩⋯∩ 𝐴𝑛 = ℙ 𝐴1 ℙ 𝐴2 𝐴1 ℙ 𝐴3 𝐴1 ∩ 𝐴2 ⋯ℙ(𝐴𝑛 ∣ 𝐴1 ∩⋯∩ 𝐴𝑛−1).



General product rule









































































































































































































































































































































































































































































































































































































































































































General product rule: equivalent forms
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