Markov Chain |

Aug 1, 2022



A Oche howy -}cdm\’ iS5 ‘Dyv\
e mote 20 ¥ eshiwuhion  updated
o e Nt jwd erevm—a’e N

0 syeu‘od ﬂ?\"c @Ol Yext Week



Markov Chain review
. Markov Property (B =31 Z4=v) = P (L) | =, By 2)
» State Space Q:QHJT} AR
» Transition Probability P (¢, ) = PU.J K (Cpe=J | Zu=1)

* Balance Equation ‘—,CP =TV

* Invariant distribution (aka, stationary distribution, steady state distribution
* [rreducible MC has unique Invariant distribution
* Irreducible and aperiodic MC has T, » m,n — o

* Long- term fraction of time of state i

@%Hm = i)} £ (D)




Given an irreducible MC, if it contains self loop, then it is aperiodic

* The reserve is not true.
* counterexample, random walk on a triangle
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>> P™4

ans

0.3750 0.3125 0.3125
0.3125 0.3750 0.3125
0.3125 0.3125 0.3750

>> P~5

ans

0.3125 0.3438 0.3438
0.3438 0.3125 0.3438
0.3438 0.3438 0.3125

>> P~100

ans

0.3333
0.3333

0.3333 0.3333

>> PG

ans
0.3438

0.3281
0.3281

>> P~NY

ans

0.3281
0.3359
0.3359
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0.3281

0.3359
0.3281
0.3359

0.3281
0.3281
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0.3359
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Given an irreducible MC, it it is aperiodic, then,, - m,n = ©

* The reserve is not true
* Counterexample: random walk on a square
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ans
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>> P™4

ans
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>> P"3

ans

>> P75

ans
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Example 1 [ 4HaB

A MC with outgoing arrows are equally likely bi‘ Y KYZ ¢
1) Is it irreducible? _é_' SNl 2
2) Write transition probability \/ ?\3 . 5

3) What’s the most frequently visited state?
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Example 1 {42 Bl

A MC with outgoing arrows are equally likely 1/& 1 b\l/z C
1) Is itdrreducible?™> 1/3 D_1£, EV 12
2) Write transition probability

3) What’s the most frequently visited state?
) =T(3) +5TTes)
”LZ) = L) 1 Y 5 Ts) L= .?:_, (12,9, (0, b, =)
W) = W)+ b, w(g) 7
) = };T( ()

RE) =4 TA)

T+ U2+ TIS) =4 WMo, ) =TT
Go [ s e most -@Q%\/tel/\"'ly vised.




Start at A, how many steps does it take to reach E? p/
= —>

[2,

Hitting time of E starting at i is defined as

B

1

/ \1/2
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1/3

Tt < o vopdoun Vonable

A 1
/&1
D

(113,

E

B(i) :==E(Tg|X, =i) fori=AB,C,D,E
eCc) = |+ eA)

ME) = B(B) =1+ Ble)

Goal: to calculate B(A) = E(Tg|X, = A)
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Hitting time of E starting at i is defined as r/

J |
(TglX, = i) fori=A4,B,C,D,E | YA\ v/ \io "

6(A) = H‘ 2};(;) %(D)
pLp) = \Pv%“—) “—
BLe) =* %(A)
D) = 1+ SLA) T 5 o(B) *hE) [= i step epany
e (T) BlTe |, = &) =0 QS

e =

E/’V)-\:% @(\5)’—\9, BC ():(S‘ —
v Goal: to calc (T | Xy = A)




Example 2

ﬁ) a fair coin, how many times on average you need to flip to@
two head in a row?
W | w? sdve @(s) = (T, lzotg)
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@“ (&)= Lps) + L)

¢(o) =6




Example 3

Toss a fair 6 face dice, on average, how many times we need to toss
until we have the product of two number in a row is 127

@ .
CQ{ )=
@ B = |+ %4 BU)+ pLB)

) ~BLTe| B=5) @A) > 7o)+ ) (A
B)= 1+ /4 BB A b e+ BE)

I

= Bb(g) = (o-V = T
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1/3 D_lﬁ, b 172

What's th@robability hat we start at A and we visit C
before we visit E

Define:

a(i) =P(T, <Tg|X, =1i) fori=AB,C,D,E

Goal: to calculate a(4) = P(T, < Tz| X, = A)
7
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Example 1 -
fori =A,B,C,D,E

>(p) =)
) =4
LUE) = — Live} é‘fef & .

L= S ole) 2 Tep ) <
% (@)= $ (A Lo B Lo (B)

Goal: to calculatela(4)) = P(T, < Tx| X, = A)






General First Step Equation (1)

For a Markov Chain on state space S = {1,2, ..., K} with transition probability

P, let T; be the hitting time of state i.
For aset A c S of states, let Ty = min {n = 0|X,, € A} be the hitting time of

the set A.

1) We consider the mean value of T
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General First Step Equation (2)

For a Markov Chain on state space S = {1,2, ..., K} with transition probability

P, let T; be the hitting time of state i.
For aset A c S of states, let Ty = min {n = 0|X,, € A} be the hitting time of

the set A.

2) We consider the probability of hitting set A before B
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Not required *
(ﬁ

General First Step Equation (3)

3) We consider collecting an amount of h(i) every time visiting state i before
visiting state A —_




Not required *
—

General First Step Equation (4)

4) We consider a discount factor 8 for moving one step
Ty

Z= ) Bh(Xy)

n=0

56)-= EQ | X=)
v N 6| \ A
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